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Abstract 

A second-order differential identity for the Riemann tensor is ob- 

CNJ ■ tained, on a manifold with symmetric connection. Several old and 

some new differential identities for the Riemann and Ricci tensors 

ly-j | descend from it. Applications to manifolds with Recurrent or Sym- 

■ metric structures are discussed. The new structure of iT-recurrency 

naturally emerges from an invariance property of an old identity by 

^1 ' Lovelock. 
O 
OO 
O 



1 Introduction 

Given a symmetric connection on a smooth manifold, one introduces the 
covariant derivative and the Riemann curvature tensor R a bc d — d a T d c ~ 
dbTa C — r^,r^ fc + T^ k T^ c . The tensor is antisymmetric in a, b and satisfies the 
two Bianchi identities, R( a bc) d = and V \ a Rbc)d e = 0. From the Bianchi 
identities various others for the Riemann tensor and the Ricci tensor R ac = 
Rabc can be derived. The following first-order one is due to Oswald Veblen 

(En co]: 

(1-1) V a i?fe c d e — VbRadc e + ^ C Radb e — ^dRbca = 



2000 Mathematics Subject Classification: Local Riemannian geometry 53B20, Meth- 
ods of Riemannian Geometry 53B21. 
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1 Hereafter the symbol (• • • ) denotes a summation over cyclic permutation of tensor 
indices: K {abc) = K abc + K bca + K cab . If K abc = -K bac then X( a6c) = 3if[ afcc] , where [abc] 
means complete antisymmetrization. 
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If the connection is inherited from a metric, Walker's identity of second 
order holds [Ml EE] 

(1.2) [V a , V fe ]A cde/ + [V c , V d ]A afee/ + [V e , V/jiUcd = 

and, if the Ricci tensor vanishes, Lichnerowicz's non linear wave equation 
holds (EIH iMTj 

(1.3) V 6 V e i? a b c rf + R a b e ^ Refcd ~ 2-R £ ' a J R e bdf + ZRead" f R* 'bcf = 

In this paper we derive, with the only requirement that the connection 
is symmetric, a useful identity for the cyclic combination V( a ^bRcd)e^ ■ An 
identity by Lovelock for the divergence of the Riemann tensor follows. We 
show that it holds more generally for curvature tensors A originating from 
the Riemann tensor (Weyl, Concircular etc.). 

The main identity and Lovelock's enable us to reobtain in a unified man- 
ner various known identities, and some new ones, that apply in Riemannian 
spaces with structures. In Section 3 we show that various differential struc- 
tures, such as a) Locally symmetric, b) Nearly Conformally Symmetric, c) 
Semisymmetric, d) Pseudosymmetric, e) Generalized Recurrent, lead to the 
same set of algebraic identities for the Riemann tensor. We then introduce 
the new structures, A-harmonic and A- recurrent, that also yield the set of 
identities, and include ), b), e) and others, that arise from different 

choices of the A— tensor. 

In Section 4, the Weakly Ricci Symmetric structure is considered, with 
its covectors A,B,D. We show that one of the above algebraic identities 
holds iff the vector field A — B is closed. We end with Section 5, where we 
derive Lichnerowicz's wave equation for the Riemann tensor from the main 
equation. 

2 A second order identity 

We begin with the main identity; as a corollary we reobtain an identity by 
Lovelock which is used throughout the paper, and a generalization of it, for 
A— curvature tensors. 

Main Theorem 2.1. (The second order identity) 

In a smooth differentiable manifold with symmetric connection: 

(2.1) V( a VfcA crf ) e ^ = R(abc m Rd)mJ ~ Race™ Rbdm^ + Racm RbdfT 
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Proof. Take a covariant derivative of the second Bianchi identity, and sum 
over ciclic permutations of four indices abed: 

= VaV (b R cd)e f + V b V (c R da)e f + V c V (d R ab )J + V d V {a Rbc)e f 

= 2V [a V b R cd) J + [V 6 , V a ]R cde f + [V c , V b ]R da J 

(2.2) + [V,, V c ]R ab J + [V„, V d }R b J + [V a! V c ]R db J + [V b , V d }R a J 

The action of a commutator on the curvature tensor gives quadratic terms 

[Vo, Vb]-R c d e ^ = —Rabc RkdJ ~ Rabd Rcke ~ Rabe Rcdk + Rabk Rede 

that produce 24 quadratic terms. Eight of them cancel because of the anti- 
symmetry of R and the remaining ones can be grouped as follows: 

= 2V[ a V b R cd )J + 2R ace s R bds f + 2R ac /R dbe s 

— Rsce \Radb S + Rbda + Rabd, S ) ~ Rsbe \Rdca + Racd, S + Rdac) 

— Rase \Rdcb + Rbdc + Rbcd S ) ~ Rdse 3 '{Rcba + Racb + Rabc) ■ 

The last two lines simplify by the first Bianchi identity, 
= 2V( a V6i? C( i) e ^ + 2R ace s R bds f + 2R acs R dbe s — 2R SC J R adb + 2R sb J R cda s 

2-Rase^ Rbcd ^Rsde^ Rabc 

Four terms are seen to be a cyclic summation (abed). □ 

The contraction of / with the index e gives an equation for the anti- 
symmetric part of the Ricci tensor (which coincides with R abc c by the first 
Bianchi identity): 

Corollary 2.2. If U ab = R ab - R ba then V {a V b U cd) = R {abc m U d)m . 

The contraction of / with the index a brings to an identity for the di- 
vergence of the Riemann tensor ( [LOj ch. 7), which will be used extensively. 
We refer to it as 

Corollary 2.3. (Lovelock's differential identity) 

VV7 f? m _i_\7\7 P m _i_\7\7 R m 
avm ri 'bce 1~ V b V m^cae ~r V c V m-^abe 

(2.3) R am R bce -\- R bm R cae -\- R cm R abe 

Proof. The contraction in HU) gives V( a V b R cd)e a = R(abc m Rd)me a -Race m Rbdm a - 
RcmRbde" 1 - The two cyclic sums are now written explicitly: V a ^bRcde a + 

VfoVc-Rrfe — V c V d Rbe + VdV a i?6 ce a = Rabc" 1 Rdme" 1 ~ Rbcd™ Rme + Redo" 1 Rbme" '+ 



4 



C. A. Mantica and L. G. Molinari 



Rdab m R C me a ~ Race™ Rbdm a - RcmRbde™ '■ Next the order of covariant deriva- 
tives is exchanged, in the first term of the l.h.s. Some terms just cancel and 
a triplet vanishes for a Bianchi identity. One gets V b V a R c de a + V&Vc-Rde — 

VcVd-R&e + VdV a Rbce a = RbaRcde 1 ~ RaeRbcd"" ~ RcaRbde '■ A Ricd term in 

the l.h.s. is replaced with the identity V C V dRbe = V c (Vb-R<fe — V a R dbe a ). 
The l.h.s. becomes: V b V a R cde a + V c V a R dbe a + V d V a R bce a + [V&, V c }R de It is 
a cyclic sum on (bed) plus a commutator. The latter is moved to the r.h.s. 
and evaluated. A cancellation of two terms occurs and the r.h.s. ends as a 
cyclic sum too: R bce a R da + R cde a R ba + R dbe a R ca . □ 

Remark. Lovelock's identity is left invariant if the divergence of the Rie- 
mann tensor in the l.h.s. is replaced by the divergence of any curvature 
tensor K with the property 

(2.4) V m K bce m = A V m R bce m + B (a be V c p - a ce V bV ) , 

where A and B are nonzero constants, tp is a real scalar function and a bc is 
a symmetric (0,2) Codazzi tensor, i.e. V b a cd = V c a bd [DZ2J. 

Some curvature tensors K with the property (12.41) and trivial Codazzi 
tensor (i.e. constant multiple of the metric) are well known: Weyl's confor- 
mal tensor C |POj . the projective curvature tensor P [EIJ, the concircular 
tensor C |YAll ISH] , the conharmonic tensor iV |MI[ ISI1] and the quasi con- 
formal curvature tensor W |YA2j . Their definitions and some identities used 
in this paper are collected in the Appendix. Since in the next section we 
introduce the concept of K-recurrency, and Weyl's tensor will be considered 
in section HI we give a proof of the remark: 

Proposition 2.4. 

a* m-^bce ~r V {> V m -A. C(le -p V c V m -£\ a f)e 

(2.5) A[R am R bce -\- R bm R cae -\- R cm R abe ] 

Proof. The covariant derivative V a of (12.41) is evaluated and then summed 
with indices chosen as in Lovelock's identity. Since a symmetric connection 
is assumed, we obtain: 

^ mK bce ~\- VftVm-Kcae ~\~ ^ 'mR~abe 

= A[V a V m i?6 ce m + VbV m i? cae m + V c V m i? a fee m ] 

+B[(V b a ce - V c a fee )V a v? + (V c a ae - \7 a a ce )V b (p + (V ' a a be - V b a ae )V c ^p\- 

The last line is zero if a bc is a Codazzi tensor. Lovelock's identity is then 
used to write the r.h.s. as in (12.51) . □ 
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An apparently new Veblen-type identity for the divergence of the Rie- 
mann tensor can be obtained by summing Lovelock's identity with indices 
cycled: 

Corollary 2.5. 

Vn p m V7V7 P m _J_V7V7 F? m Y7\7 F? m 

(O R\ D p m p p m _|_P P m R P r 

y^-v) J^am^bec -^bm-^ace T J^cm^eba ^em^cab 



m 



Proof. Write Lovelock's identity (12. 3p for all cyclic permutations of (a, b, c, e) 
and sum them. Simplify by using the first Bianchi identity. □ 

We note that an analogous Veblen-type identity can be obtained for a 
tensor K, starting from Proposition (12.41) . 

Corollary 2.6. In a manifold with Levi-Civita connection 

(2.7) V m V n R ab mn = 

Proof. Eq. (j2.3p is contracted with g ce . The formula is reported in Lovelock's 
handbook [LU]. □ 



3 Symmetric and Recurrent structures 

From now on, we restrict to Riemannian manifolds (A4 n ,g). If additional 
differential structures are present, the differential identities ( \2.1L ( 12.31) and 
( 12.61) simplify to interesting algebraic constraints. 

A simple example is given by a Locally Symmetric Space [K0\, i.e. a 
Riemannian manifold such that S/ a R bc d e = 0. Then the aforementioned 
identities imply straightforwardly the algebraic ones 

(3-1) R(abc Rd)mJ Race Rbdrn 4" Racra ' Rbde = 

(3.2) R am Rf Jce -\- Rj )m R cae -\- RcmRabe 

fq q"\ p pm p p m _i_p p m p p m fl 

J^am^bec ^bm^ace < r ^cm r ^eba ^em^cab u 

We show that these identities hold in several circumstances. An example is 
a manifold with harmonic curvature [BE], V a Rb c d a = 0; in this less stringent 
case the general property (12.31) yields (13.21) and (13. 3p . A slightly more general 
case is now considered 



6 



C. A. Mantica and L. G. Molinari 



Definition 3.1. A manifold is Nearly Conformally Symmetric, (NCS)„, 
(Roter [RO] ) if 

(3.4) V a R bc - V b R ac = [g bc V a R - g ac V b R} , 

where R = R a a is the curvature scalar. 

Since V a R bc - V b R ac = -V m R abc m , (NCS) special case of ( 12.41) 

with V m K bce m = (trivial Codazzi tensor and <p — R). Other partic- 
ular cases are K = (A-flat) and V a K bc d e = (A^-symmetric). They 
yield, for the different choices of K, various types of K— flat /symmetric 
manifolds [SI1J: conformally flat /symmetric (K = C) |CHtrDZlj . projectively 
flat /symmetric (A = P)[GL], concircular or conharmonic symmetric [AD] . 
and quasi conformally flat/symmetric. Because of Prop. 12.41 the following 
is true: 

Proposition 3.2. For (NCS) n manifolds, and for A— flat /symmetric man- 
ifolds, eqs. (E2P and [373\) hold. 

By weakening the defining condition of a Locally Symmetric Space, one 
introduces a Semisymmetric Space: [V , V b ]R c d e f = [SZ] . 

Proposition 3.3. For a Semisymmetric Space, eqs A3. Ii3. 2\) and Ii3. 3\) 
hold. 

Proof. First statement: eq. (12.21) simplifies to = V( a VfeA c d) e /; by eq. (12. lj) 
the identity (13. ip follows. Second statement: the definition implies a relation 
for the Ricci tensor: [V , V&] R ce = 0. By inserting the identity V m R abc m = 
V;,A ac — V a R bc in the l.h.s. of eqs. (I2.3P and (12.61) . those sides become sums 
of respectively three and four commutators of derivatives acting on Ricci 
tensors, and thus vanish. This implies eqs. (13.21) and (13. 3p . □ 

The algebraic property (13. 2p holds in presence of even more general dif- 
ferential structures. 

Definition 3.4. A manifold is Pseudosymmetric (Deszcz [DSl]) if: 

(3.5) [V a , Vfe] Rcdef = L R Q(g, R) c defab 

where Lr is a scalar function and the Tachibana tensor is 

Qidi R)cdefab = —9d)Radef + 9ca,Rbdef ~ QdbRcaef + 9da,Rcbef 

(3.6) —gebRcdaf + g ea Rcdbf ~ gfbRcdea + gfaRcdeb- 
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Theorem 3.5. For Pseudo symmetric Manifolds, the identities Ii3.2\) and 
/ TO)) hold. 

Proof. The l.h.s. of eg. ( 13.21) can be written as a sum of commutators acting 
on Ricci tensors: 

(3.7) [V aj V c ]R be + [V 6 , V a ]R ce + [V c , V b ]R ae . 

A commutator is obtained by contracting two indices in (I3.5P ; for example, 
contraction of c with / gives 

(3.8) [V a , Vb)Rde = L R (—g db R ea + gdaReb ~ 9ebRda + deaRdb), 

i.e. the Ricci-pseudosymmetry property |DS2j . Although each commutator 
is nonzero, their sum vanishes. Veblen's type identity is proven in a similar 
way. □ 

We now show that (13. ip . (13. 2\\ or (13. 3ft do hold in manifolds with recurrent 
structure. 

Definition 3.6. A Riemannian manifold is a Generalized Recurrent Mani- 
fold if there exist two vector fields A a and ri a such that 

(3.9) V a Rbcd e = ^ a Rbcd e + Lia(5b e g c d — bc9bd) 

The manifolds were first introduced by Dubey fDU] . and studied by sev- 
eral authors[DEl] IMA[ |AR]. In particular, if \i a = the manifold is a Re- 
current Space. Again, we shall prove that the algebraic identities ( 13. ip . ( 13. 2p 
and (13.31) hold in this case. We need the following lemma, with a content 
slightly different than the statement by Singh and Khan[SI2j. 

Lemma 3.7. In a Generalized Recurrent Manifold with curvature scalar 
R^O 

1. if the curvature scalar R is a constant then A is proportional to \i and 
either A is closed (i.e. V a A& — VfeA a = 0) or the manifold is a space of 
constant curvature, R abcd = w(w fl _ 1) (gbd9ac ~ 9ad9bc); 

2. if the curvature scalar is not constant, then A is closed. 

Proof. We need some relations that easily come from eq. (13.91) : a) the con- 
traction a = e gives V ' a R bcd a = X a Rbcd a ' + ^b9cd~ ^c9bd- A further divergence 
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V d gives zero in the l.h.s, by eq. fl2.7p . and the r.h.s. in few steps is evaluated 

as 

(3.10) = ^[(V d A a ) - {W a X d )]R bc da - /i b A c + /iA + V cy u 6 - V b /i c ; 

b) the contraction of c = e in (13. 9p yields V a Rbd = ^ a Rbd — {n — l)fi a 9bd, 
and Va-R = \ a R — n(n — l)yU ; c) the commutator of covariant derivatives 
on the Riemann tensor of type (I3.9P is 

[V«, V b ]R cd J = (V a A fe - V b \ a )R cd J 

(3.11) + (Sjg de - 5 d f g ce )(V a /j, b - V b /i a - \ a u. b + \ b ^ a ) 

From b) we conclude that, if W a R = 0, A and \x are collinear [R is a number). 
Then, eq. ( 13.101) simplifies to 

= §[(V d A«) - (V a A,)]i? fec da + ^ry(V c A fe - V b A c ) 

(3.12) = |[(V d A a ) - (V a A d )p fec da + ^a&l = |A da a c da 

((5 is the (2,2) concircular tensor and 5% = S a b 5 d c - 5 a c 5 d b ). Also eq. flBTTTj) 
simplifies, 

(3.13) [V ai V b ]R cd J = A ab C cd J 

Walker's identity (jl.2p for the Riemann tensor (13.91) yields the algebraic 
relation 

(3.14) = A ab C cde f + A cd C abe f + A e fC abcd 

Now Walker's lemma jWA] is invoked: it implies that either A ab = or 
Cabcd = 0. We give a proof based on (I3.12p : 1) Saturate in eq. (13.141) with 
A ef and use fl3TT2|) : one gets A ef A ef C abcd = C abcd = 0; 2) in the 
same way, by saturation with C cde f one gets C abcd C abcd A e f = =r- A e / = 0. 
Therefore either A is closed or the manifold is a space of constant curvature. 

We now discuss the case V a R ^ 0. Take covariant derivative Vf> of 
V a R = X a R — n(n — l)/i a , and exchange a and b. Then 

= A ab R + n(n - l)[\ a ^i b - \ b fi a - V ' a /i b + V b ^ a ] 

Enter this in fl3A0|) . fl3AT|) . and get again fl3~T2l) . fl3TT3l) where now C + 0. 
The same procedure as above gives A = 0, i.e. A is closed. □ 

Theorem 3.8. In a Generalized Recurrent Manifold the properties Ii3. 
(ELf and (GO)) hold. 
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Proof. If Vi? 7^ then, by the previous Lemma 13.71 A is always closed and, 
by eq.f l3.13p . the space is semisymmetric. Then eqs. (l3.1l) . (l3.2p and (13.31) hold 
by PropGLl 

If V-R = then A and /i are collinear (Lemma 13.71) and eq. (13.131) holds 
again. The Lemma states that either A is closed or the space has constant 
curvature. In both cases the manifold is semisymmetric and (I3.1l) .( l3~2l) . (l3.3p 
hold. □ 

The afore mentioned Recurrent structures are special cases of a new one, 
which we now define. It arises naturally from the invariance stated in eq. 
(12. 51) stemming from Lovelock's identity. 

Definition 3.9. A Riemannian manifold with a curvature tensor K such 
that eq. (l2.4p is true, is named K -Recurrent Manifold (KRM) if V a K bcd e = 
^ a Kbcd e where A is a nonzero covector field. 

Therefore, KR-manifolds include known cases as Conformally-recurrent, 
Concircular-recurrent etc. (see |KHj for a compendium). 

In general, the Bianchi identity for a tensor K contains a tensor source 
B (see Appendix for some relevant examples). In a KRM it is \ a K bc ) d e = 
B a bcd e - When A is closed, one obtains a remarkable property: 

Theorem 3.10. In a KRM with closed A 

/o ic\ p p m _i_ p p m _|_p p rn _ jj_V7 p m 

yo.loj i\, am ih bce T~ J^bm^cae ~r r ^cm r ^abe * V m J - > abce 

Proof. V a V m Kbcd m = {V a X m )Kbcd m + \ m KK bcd m . Cyclic permutation on 
(abc) and summation V a V m K bcd m +V b V m K cad m +V c V m K abd m = (V a X m )K bcd m + 
{SbXm)K cad m + ( V c A m )K a M m + \ m X a Kbcd m + ^m^bK cad m + A m A c -K" a ^ m Eval- 
uate V m of Bianchi identity with e = m: (V ' m \( a )Kbc)d m + ^m\ a Kbc)d m = 
V m B abcd m . Use closure property and Lovelock's identity to conclude. □ 

Corollary 3.11. For the tensors K = C, P, C, N, W listed in the Appendix, 
the theorem \3. 1 0\ holds with null r.h.s. 

Proof. In the appendix one notes that V m B a bce m is either or a multiple 
of the l.h.s. (different from ^4). □ 



Remark. It is well known that Concircular Recurrency is equivalent to 
Generalized Recurrency \AR\ IDU] . 
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4 Weakly Ricci Symmetric Manifolds (WRS)„ 

Definition 4.1. A (WRS) n is a Riemannian manifold with non-zero sym- 
metric Ricci tensor such that 

(4.1) Va-Rfec = A a R bc + B b R ac + D c R a b 

with A, B and D are nonzero covector fields. 

The manifolds were introduced by Tamassy and Binh [TAj . and include 
the physically relevant Robertson- Walker space-times (DE3] , or the perfect 
fluid space-time |DE5j . If B = D the manifold is Ricci- Recurrent. Most 
of the literature concentrates on the difference B — D, and prove that in 
(WRS) ra that are conformally flat |DE4[ [DE6] or quasi-conformally flat [J A] . 
B — D is a concircular vector. We here show that Lovelock's identity (I2.3P 
allows to discuss new general properties of A, B, D. 

Lemma 4.2. For a = A — B or A — D: 

(4.2) R cb (V d a a - V a a d ) + R ca (V b a d - V d a b ) + R cd (y ' a a b - S7 b a a ) 

p p m _i_p p m _i_r? p m 

Proof. From the definition of WRS n and the second Bianchi identity V m R bac m = 
V a Rbc - V b -Ra C one gets immediately V m Rbac m = ct a R bc - a b R ac , with 
a = A — B. A further covariant derivative gives 

V d V m i? 6ac m = {V d a a )R bc - {V d a b )R ac + a a V d R bc - a b V d R ac 

Summation is done on cyclic permutation of d, b, a: 

VdVm-Rfcac" 1 + VhVmRadc" 1 + V ' a V 'mRdbc™ = 

(V d a a - V a a d )R bc + (V b a d - V d a b )R ac + (V a a b - V b a a )R dc 

+ a a {V d R bc - V b R dc ) + a d {V b R ac - V a R bc ) + a b (V a R dc - V d R ac ) 

The terms with derivatives of Ricci tensors vanish because V ' d R bc — V b R dc = 
a d R bc — a b R dc . Then, by eq. fl2.3p . we obtain (14.21) . The case a = A — D is 
proven in the same way starting from the identity V m R abc m = V c R ba — 
V a R bc . □ 

Theorem 4.3. If det[R a b ] ^ then B = D. 

Proof. Case det R ^ 0: because the Ricci tensor is symmetric, the antisym- 
metric part of eq. fl4.ll) is: = (B — D) b R ac — (B — D) c R ab . Left multiplication 
by (R~ r ) ad and summation on a gives: = 5 d c (B — D) b — 5 d b (B — D) c . Then 
put d=b and sum: = (1 - n)(B - D) c =>> B = D. □ 



A second order identity for the Riemann tensor 



11 



Remark. If f3 = B-D^0 then R a b (3 b = R(3 a , where R is the nonzero 
scalar curvature [DE2j . The validitity of Lemma 14.21 for both A — B and 
A — D implies, by subtraction, an equation for (3: 



(4.3) R cb {V d (3 a - V a (3 d ) + R ca iy b (3 d - V d (3 b ) + R cd (y a (3 b - V b p a ) = 0, 



(4.4) (3 b iy d (3 a - V a (3 d ) + P a (VbPd ~ V d A) + &(V a & - Vb(3 a ) = 0. 



Theorem 4.4. In a (WRS) n manifold with nonsingular Ricci tensor, the 
covector A — B is closed iff 



Proof. If A — B (which equals A — D because det R ^ 0) is closed then (14. 5[) 
holds because of the Lemma. If the r.h.s. of Lemma vanishes, 

RcbiydCta - V a a d ) + R ca (V b a d - V d a b ) + -R c d(V a a fe - V fe a a ) = 

the index c is raised and multiplication is made by {R~ l ) s c : 

5 s b (V d a a - V a a d ) + 5 s a {V b a d - V d a b ) + 5 s d {V a a b - V b a a ) = 

Put s = b and sum: {n — 2)(V d a a — V a a d ) = 0. Then, if n > 2, a is 
closed. □ 

(WRS) n manifolds of physical relevance that fulfill the condition ( 14. 51) 
are the conformally flat WRS-manifolds, i.e. (WRS) n manifolds whose Weyl 
tensor (see Appendix) vanishes |DE3j |DE4] . 

Corollary 4.5. // a (WRS) n manifold is conformally flat and the Ricci 
matrix is nonsingular, then A — B is closed. 

Proof. The divergence of the Weyl tensor (Appendix) takes the form (12.41) . 
where the Codazzi tensor is g ab . Because of the general proposition (12. 5p we 
have 



If n > 3 and if the Weyl tensor itself or its covariant divergence vanish, we 



and left multiplication by (3 C gives the differential identity 



(4.5) 




in 








enter in the case of theorem 14.41 



□ 
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5 A wave equation for the Riemann tensor 

Proposition 5.1. For a Levi-Civita connection with R a b = 0, the contrac- 
tion in (12.11) with g ab yields Lichnerowicz's non linear wave equation jil.3\) . 

Proof. Since V a g bc = 0, indices can be lowered or raised freely under co- 
variant derivation. The Riemann tensor gains the symmetry R a bcd — Rcdab 
and the further condition R a b = implies that VkR k abc = 0. Eq l 1.3 1 follows 
immediately. □ 



Appendix 

We collect the useful formulae for the JC-curvature tensors in a n— dimensional 
Riemannian manifold: a) definition, b) divergence, c) cyclic sum of deriva- 
tives (unlike the II Bianchi identity, we get a nonzero tensor B), d) diver- 
gence of B (the r.h.s. of c). 

Projective tensor 

o) Pbcd = Rbcd £ H ~{o~ e bRcd ~ ^ C Rbd) 

n — 1 
n — 2 

b) V m Pbcd m — rVm-Rbcd" 1 

n — 1 

c) V a Ac/ + V 6 P ca / + V c P abd e = — ^- (5\V p R bcd p + 5\V p R cad p + 5 e c V p R a 

n — 1 

d) V m B a bcd m = ~ (V V p Rbcd P + VbV„-R ca / + V c ^pRabd P ) 

n — 1 



Conformal (Weyl) tensor 



\ ^ d _ p c2 , S a d Rbc — 5b d Rac + Ra d 9bc ~ Rb"9ac jd ^Sbc ~ ^Oac 
a ) ^abc — t^abc H ^ -^7 7T7 ^77 

n — 2 (n — ±){n — 2) 

n — 3 T 1 

6) V m C a fe c m = VmRabc™ + —, —r{gbc^aR ~ fiVVfo-R) 

n — 2 [ 2{n — 1) 

c) V a Cbcd £ + VbC ca d e + V c C a bd e = [^a V p Rbcd P + fi e bVpR C ad P + ^ cV ' pR a bd P 

n — 2 

+9cd(V a R b e - V b Ra) + 9ad(V b R c e - V c R b e ) + g b d(V c R a e - V a R c e )} - — 

[n 

[S e a (g b d^cR - gcdVbR) + S e b (g cd V a R - g ad V c R) + 5 e c (g ad V b R - g b dV a R)} 

d) V m B abcd m = -(V a V pj fiW + VbV p i? ca / + VcVp-Rab/) 

n — 2 



1 



n 
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Concircular tensor 

R 

a) Cbcd = Rbcd H 7 Tr{5 e b9cd — $ e c9bd) 

n(n — 1) 

b) V m Cbcd m = ^mRbcdT H — / -r(V b Rg cd — ^cRgbd) 

n(n — 1) 

C) ^ a Cbcd e + ^bC C ad e + V c C a bd e = —, Tz[5 e cRgbd ~ Vf,-R# c <i) 

n{n — 1) 

+S e b (V a Rg cd - V c Rg ad ) + 5\{V b Rg ad - V a Rg bd )] 
d) ^ m B a bcd m = 

Conharmonic tensor 

a) N bcd e = R bcd e H — -[5 b e R cd — 5 c e R bd + R b e g cd — R c e gbd] 

TX Z 

n — 3 1 
6) V m N bcd m = -—^/ m R bcd m + 2{n _ 2) {VbRgcd - V c Rg bd ) 

c) V a N bcd e + V b N cad e + V c N abd e = -J— [6 a e V p R bcd p + 5 b e V p R cad p + 5 c e V p R abd p 

Tt Z 

+g cd (V a R b e - VR e ) + g ad (V b R c e - V c R b e ) + g cd (V c R a e - V a R c e )] 

d) V m B abcd m = — — -iy aS7 P Rbcd p + Vf,Vpi? ca / + V c VpR a bd p ) 

TX Z 

Quasi-conformal tensor 

a) W bcd e = aC bcd e + b{n - 2) [C bcd e - C bcd e ] 

O n — h(n — 1 )(n — A) 

b) V m W bcd m = (a + b)V m R bcd m + ^- ^ HVbRgcd - V c Rgbd) 

2n(n — 1) 

c) V a W bcd e + V b W cad e + V c W abd e = -b(n - 2) [V a C bcd e + V b C cad e + V c C abd e ] 
+ [a + b(n - 2)][V a C bcd e + V b C cad e + V c C abd e \ 

d) V m B abcd m = -b(V a V p R bcd p + V b V p R cad p + V c V p R abd p ) 
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